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Abstract: Using noncommutative deformed canonical commutation relations, a model
describing gravitation is constructed. A noncommutative Lemaitre- Tolman-Bondi like metric
is proposed and non static solutions are discussed. It turns out that in spite of its smallness,
the noncommutativity of the geometry plays an important role in unifying the dark matter and
energy without any ad hoc assumption, giving a plausible explanation of matter-antimatter
asymmetry and controlling the evolution of the universe.
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1. Introduction
Despite its success, the cosmological standard model ” The Hot Big Bang ” contains
certain unsolved problems ( horizon problems, relic particles abundances, etc..)[1] − [8].
This has let to some model extensions, such as the inﬂationary model [9]−[17]. Recently,
another cyclic model giving an alternative possibility to explain the origin and dynamics
of the universe evolution was proposed by Turok [18]−[19]. It diﬀers from the inﬂationary
and classical Friedman cosmological models in the sense that our universe undergoes peri-
odic and inﬁnite sequences of contractions ” The Big Crunch ” and expansions ” The Big
Bang ”. During these cycles, the temperature and density of the universe remain ﬁnite
and two hyper surfaces (branes) separated by a ﬁnite space extra dimension have enough
energy and momenta to interact through gravity. Thus, the branes are brought together
by these interactions and collide than bounce at regular intervals [18] − [19]. Further-
more, in the last two decades, non commutative geometry becomes the focus of interest of
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many research activities, especially those of model building [20]−[27]. There are several
motivations to speculate that the space-time becomes non commutative at very short
distances when quantum gravity becomes relevant and even better, if we believe that the
extra dimension idea can push the non commutativity scale lower. Moreover, in string
theories, the non commutative gauge theory appears as a certain limit in the presence of
a background ﬁeld [28] − [29]. One approach to the non commutative geometry (NCG)
is the one based on the deformation of the space-time [20] − [27]. In this context, a
gauge ﬁeld theory whith star products and Seiberg-Witten maps is used [22]. It provides
a systematic way to compute various observables which may contain a signature to the
hypothetical non commutative space-time structure. Another approach is to deform just
the canonical relations between the space-time coordinates and their canonical conjugates
while the remaining commutation relations vanish. The purpose of this paper is to build
and discuss a model describing gravity within the noncommutative deformed canonical
commutation relations approach. In section 2, we present the formalism and the non-
commutative Lemaitre-Tolman-Bondi like metric. In section 3, we discuss the various
resulted noncommutative models and scenarios. Finally in section 4, we present some of
the results and draw our conclusions
2. Formalism
In what follows, we take   = c = 1 and consider a noncommutative geometry, char-
acterized by the space-time coordinates  xμ and momenta  pμ which are non commuting
operators satisfying the following matrices valued commutation relations:
[ xμ ,  xν]=0 ( 1 )
[ xμ ,  pν]=i(δμνI + θμν)( 2 )
and
[ pμ ,  pν]=0 ( 3 )
(I is 4x4i d e n t i t ym a t r i x)w h e r eθμν are matrices valued parameters and taken to be
proportional to the Dirac matrices γμνin the curved space-time such that:
θμν =
1
4
ξ(x)γμν =
1
4
ξ(x)[γμ,γ ν]( 4 )
(here ξ(x) is a scalar function of the space-time variable xμ ). Notice that although
the above commutation relations do not ﬁt into the case where the noncommutativity
parameters are c-numbers, there is nothing fundamentally wrong with this choice.Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210 195
2.1 Non commutative Gravity Model
The operators  xνand  pν have as representations:
 xν = xν,  pν = −i ∂ν (5)
where the noncommutative matrix derivative  ∂ν h a sa se x p r e s s i o n
 ∂ν = ∂ν + iθνα∂
α (6)
and
∂
α =  g
μα∂μ (7)
(xν and ∂ν are the ordinary coordinates and derivative respectively).  gμα is the inverse
of the noncommutative symmetric metric  gμα (which is not a matrix) such that
 gνμ g
μα = δ
α
ν (8)
The modiﬁed aﬃne connection (which is not Riemannian) denoted by  Γν
μλ takes the
form:
 Γ
μ
αβ =
1
2
 g
μν

 ∂β gνα +  ∂α gνβ −  ∂ν gαβ

(9)
which can be rewritten as:
 Γ
μ
αβ = Γ
μ
αβ +  Γ
μ
αβ (10)
where
Γ
μ
αβ =
1
2
 g
μν (∂β gνα + ∂α gνβ − ∂ν gαβ) (11)
and
 Γ
μ
αβ =
i
2
 g
μν (θβσ∂
σ gνα + θασ∂
σ gνβ − θνσ∂
σ gαβ) (12)
Here  Γ
μ
αβ represents a non metricity like a tensor. We remind the reader that in diﬀerential
geometry, the aﬃne connection on a diﬀerentiable manifold with a metric can be always
decomposed into the sum of a Levi-Civita (metric) connection, a non metricity tensor
and a torsion. This is the case of theories with more complicated geometrical structure
like the Riemann-Cartan space with general metric-aﬃne spaces (curvature, torsion and
non-metricity) and the Weyl-Cartan space which is a connected diﬀerentiable manifold
with a Lorentz metric obeying the Weyl non-metricity condition. In the Riemannian space
of general relativity the metric and the connection (which are considered respectively as
a potential and strength of the gravitational ﬁeld) are linked through the requirement of
metric homogeneity (metricity condition). The latter assures that the length of a vector
transported parallel in any direction remains invariant. Regarding the noncommutative
matrices curvature and Ricci tensors  Rσ
λμν and  Rμν,t h e ya r eg i v e nb y :196 Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210
 R
μ
αβλ =  ∂β Γ
μ
αλ −  ∂λ Γ
μ
αβ +  Γ
μ
σβ Γ
σ
αλ −  Γ
μ
σλ Γ
σ
αβ (13)
and
 Rμν =  R
λ
μλν =  ∂ν Γ
λ
μλ −  ∂λ Γ
λ
μν +  Γ
λ
μσ Γ
σ
λν −  Γ
σ
μν Γ
λ
σλ (14)
We can also deﬁne a noncommutative matrix Einstein tensor  Gμν as:
 Gμν =  Rμν −
1
2
 gμν  R (15)
where the non commutative matrix scalar curvature  R is :
 R =  g
μν  Rμν (16)
Now, we deﬁne the noncommutative Hilbert-Einstein INCG by
INCG =
1
64πκ

d
4x

 g g
μν Tr Rμν (17)
Where κ is the gravitational constant ,  g stands for |det( gμν)|and Tr is the trace over the
gamma Dirac matrices. Since Trθβσ = 0 , thus the terms linear in θβσ do not contribute
in the expression of Tr R
μ
αβλ and therefore:
Rαλ ≡ Tr Rαλ = Rαλ + Tr Rαλ (18)
where  Rμν and Rμν are given by:
 Rμν =

iθβσ∂
σ Γ
β
μν − iθνσ∂
σ Γ
β
μβ +  Γ
β
σβ Γ
σ
μν −  Γ
β
σν Γ
σ
μβ

(19)
and
Rμν =4 ( ∂νΓ
λ
μλ − ∂λΓ
λ
μν + Γ
λ
μσΓ
σ
λν − Γ
σ
μνΓ
λ
σλ) (20)
It is worth to mention that it is easy to show that, the principle of a least action leads
to the following noncommutative Einstein ﬁeld equations in the vacuum:
Gμν ≡R μν −
1
2
gμνR
α
α = 0 (21)
which is equivalent to:
Gμν = κTμν (22)
where Gμνhas the form:
Gμν = Rμν −
1
2
gμνR
α
α (23)
and Tμν is an eﬀective matter energy-momentum tensor induced by the non commutativity
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Tμν =
−1
κ
(Tr R μν −
1
2
gμνTr R
α
α) (24)
This means that the non commutativity deforms the space and generates a more complex
structure with a non metricity contributing to the ﬁeld equations and induce an eﬀective
macroscopic matter energy-momentum tensor as an additional source of gravity. This is
not surprising about the role of the deformed canonical commutation relations in quantum
mechanics where it was shown in ref.[27], that there exists an intimate connection to the
curved space. Moreover, a suitable choice of the position-momentum commutator can
elegantly describe many features of gravity, including the IR/UV correspondence and
dimensional reduction (holography)[28]. In what follows, we set:
ξ
2(x)=4 η
2φ(x) (25)
( η   1 is a constant parameter which characterizes the space noncommutativity). Since
 gνα is a solution of the ﬁeld equations, it is assumed to have the form:
 gνα = gνα + η
2g
(1)
να (26)
where gναis the classical Einstein Riemannian metric and g
(1)
να is a non commutative
correction to be determined later. Furthermore, to simplify our calculation, we assume
that the only non vanishing matrix valued parameters are θ01(of course our qualitative
results remain valid in the general case). Then, it is easy to show that at the O(η2), one
has:
1
4
Trθ 01θ01 ≈ η
2φ(x)(g01g01 − g00g11) (27)
It is important to mention that the noncommutative Hilbert-Einstein action given in
eq.(17) is invariant under general coordinate transformations.
2.2 Non Commutative Lemaitre-Tolman-Bondi Like Metric:
Standard cosmology is based on Friedman-Lemaitre-Robertson.-Walter (FLRW) models
which are characterized by spatially homogeneous and isotropic geometry and a matter
content represented by a perfect ﬂuid although it was proven by Tupper [30] the possibility
of associating to the same metric a more general non perfect ﬂuid with a heat conductor
vector and anisotropic pressure tensor. FLRW universes were very successful in explain-
ing the major features of the observed universe (observed galactic redshifts, remnant
black body radiation and element abundance predictions and observations). However,
these models do not describe the real universe well in an essential way, in that the highly
idealized degree of symmetry does not correspond exactly to the real universe. Thus, they
can serve as basic models giving the largest-scale smoothed out features of the observable
physical universe, but one needs to perturb them to get realistic (‘almost-FLRW’) uni-
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during structure formation, and that can be compared in detail with observations. It is
worth to mention that small anisotropies in the microwave background imply that the
universe is almost FLRW. We remind also that the FLRW universe is characterized by
two functions, the Hubble rate H and the density parameter ρ which depend only on time
but are independent of the spatial location. However, one should keep in mind that their
values cannot be extracted directly from the observations but must be deduced from the
properties of light coming from the past light cone. In the context of the FLRW model
this is almost trivial, since the redshift and scale factor are everywhere related . This
theoretical simplicity should however not cloud the fact that all cosmological parameter
determination requires an element of interpretation of the data. Of course, the FLRW
interpretation of the properties of the past light cone has served cosmology well, giving
a good ﬁt to observations and, until the late 90’s, implying a matter dominated universe
with a density Ω ≈ ΩM.( Ω M is a matter density). The situation changed dramatically
with the WMAP [31] and distant supernova data,[32],[33]. In fact, considering the recent
data from supernovae [34],[35], galaxy distributions [36] and anisotropies of the cosmic
microwave background [37], the simplest FLRW model would lead to a highly contra-
dictory picture of the universe. With the actual best ﬁt values for the average matter
density, one has ΩM ∼ 1from the Cosmic microwave background, ΩM ∼ 0.3f r o mt h e
Galaxy surveys and ΩM ∼ 0 from type Ia supernovae. The discrepancies between the
diﬀerent data sets have conventionally been remedied by introducing the cosmological
constant or vacuum energy to the Einstein equations. This gives rise to an accelerated
expansion of the universe. As a consequence, the apparent dimming of the luminosity
of distant supernovae ﬁnds, in the context of perfectly homogeneous universe, a natural
explanation. However, although the cosmological concordance where the CDM-model
[38] ﬁts the observations well, there is no theoretical understanding of the origin of the
cosmological constant or its magnitude. Despite a large number of diﬀerent dark energy
models[38],[39] which attempt to provide a dynamical explanation for the cosmological
constant, but none of them are compelling from particle physics point of view and very
often they require ﬁne-tuning. Facing such diﬃculties, one might be tempted to con-
sider a relinquishing of the FLRW assumption concerning the perfect homogeneity of the
universe. After all, inhomogeneities are abundant in the universe: there are not only
clusters of galaxies but also large voids. Since general relativity is a non-linear theory,
any relatively small local inhomogeneities with a suﬃciently large density contrast could
in principle give rise to cosmological evolution that is not accessed by the usual cosmo-
logical perturbation theory in an FLRW background. In fact, the potentially interesting
consequences of the inhomogeneities were recognized already at the time when the homo-
geneous and isotropic models of the universe were ﬁrst studied, but their impact on the
global dynamics of the universe is still largely unknown [40]. Now, can the acceleration
of the universe be just a trick of light, a misinterpretation that arises due to the over
simpliﬁcation of the real, inhomogeneous universe inherent in the FLRW model?. Light,
while traveling though inhomogeneities, does not see the average Hubble expansion butElectronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210 199
rather feels its variations, which could sum up to an important correction. This eﬀect is
particularly important for the case of large scale inhomogeneities. This will be a good
motivation for our work which consists essentially to consider a spherically symmetric
universe with radial inhomogeneities due to the noncommutativity of the space geometry
manifested through the deformation of the canonical commutation relations of eqs.(1)-
(3). Choosing spatial coordinates to comove (dxi/dt = 0) with the matter, the spatial
origin (xi = 0) as the symmetry center, and the time coordinate (x0 ≡ t) to measure the
proper time of the comoving ﬂuid, the line element takes the general form [41]− [43].
ds
2 = −dt
2 +  U (r,t)dr
2 +  V (r,t)

dθ
2 +s i n
2 θdϕ
2	
(28)
where the functions  U (r,t)a n d V (r,t) have both temporal and spatial dependence and
parametrized as:
 U (r,t)=e
β(r,t) ,  V (r,t)=e
α(r,t) (29)
(r, θ and ϕ stand for the spherical coordinates and α(r,t)a n dβ (r,t) are functions to
be determined later). The metric in eq.(28) is called the Lemaitre-Tolman-Bondi (LTB)
metric. The noncomutative metric tensor components read:
 g00 =  gtt = −1,  g11 =  grr = e
β,  g22 =  gθθ = e
α ,  g33 =  gϕϕ =  g22 sin
2 θ (30)
By setting
φ(x)=σ(x)e
−β (31)
one can show easily that the trace of the noncommutative Ricci tensor Tr Rμν components
have the following expressions:
Tr R01 = −
1
2
η
2σe
−β


2
·
α
 
− 2α
 
·
β +( α
  − β
 )
·
α

−
1
2
η
2 ·
σα
 e
−β (32)
Tr R00 = −
1
2
η
2σe
−2β

2α
   + β
   +
1
2
(q − 2)β
 2 + qα
 2 − 2α
 β
 

−
1
4
η
2e
−β (β
  +2 α
 )σ
  (33)
Tr R11 =
1
2
η
2σe
−β


β
   −
1
2
β
 2 + α
 β
 

−
1
2
η
2σ

2
··
σ+
·
α
2
−
·
α
·
β

−
1
2
η
2 ·
α
·
σ −
1
4
η
2e
−ββ
 σ
  (34)
Tr R22 =
1
2
η
2σe
−2βe
α


α
   + α
 2 −
1
2
α
 β
 

−
1
4
η
2e
α−β ·
α +
1
4
η
2e
−2βe
αα
 σ
  (35)
−
1
2
η
2σe
α−β

··
α +
3
2
·
α
2
−
1
2
·
α
·
β

·
σ (36)
Tr R33 = Tr R22 sin
2 θ (37)
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R01 =
·
α
 
+
1
2
·
αα
  −
1
2
α
 
·
β (38)
R00 =
1
2


··
β +2
··
α +
1
2
·
β
2
+
·
α
2

(39)
R11 = α
   +
1
2
α
 2
−
1
2
α
 β
  −
1
2
e
β


··
β +
1
2
·
β +2
·
α
·
β

(40)
R22 = −1+
1
2
e
α−β


α
   + α
 2 −
1
2
α
 β
 

−
1
2
e
α


··
α +
·
α
2
+
1
2
·
α
·
β

(41)
and
R33 = R22 sin
2 θ (42)
Here the notations ’ ’, ’·’a n d’   ’ are for the ﬁrst space, time and second space derivatives
respectively. In what follows, we take σ = σ(r,t) and assume the following separable
form of the functions α and β :
α = α(r,t)=α(r)+a(t) (43)
β = β (r,t)=β (r)+b(t) (44)
Than, we look for perturbative solutions around the classical ones at the O(η2)w i t h
respect to the noncommutativity parameter η2 that is:
α(r) ≈ α0 (r)+η
2α1 (r) ≡ α0 + η
2α1 (45)
β (r) ≈ β0 (r)+η
2β1 (r) ≡ β0 + η
2β1 (46)
a(t) ≈ a0 (t)+η
2a1 (t) (47)
and
b(t) ≈ b0 (t)+η
2b1 (t) (48)
(here a0 (t)=b0 (t) ). The functions α0 (r),β 0 (r)a n da0 (t) are the classical solutions
of the Friedman equations[44] − [48]. As in the commutative case, the noncommutative
Einstein equations in the presence of matter and a cosmological constant are given by:
Tr Gμν =8 πκ Tμν (49)
where in our model , the shifted noncommutative momenta-energy stress tensor  Tμν is
assumed to have the form:
 Tμν =  P gμν +

 ρ +  P

uμuν (50)Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210 201
with
 P = P −
Λ
8πκ
(51)
and
 ρ = ρ +
Λ
8πκ
(52)
(κ is the Newton constant and P = P (t), ρ = ρ(t)a n duμ denote the non commutative
pression , energy density and the four-vector velocity of the particle). It is to be noted
that eq.(50) does not mean that our universe is ﬁlled with a perfect ﬂuid since P (r,t)
and ρ(r,t) are assumed to depend also on the noncommutativity parameter η and can
be expressed in a perturbative expansion around the classical values P0 (t)a n dρ0 (t)
(functions only of time) respectively as:
ρ(r,t)=ρ0 (t)+η
2ρ1 (t) (53)
and
P (r,t)=P0 (t)+η
2P1 (t) (54)
After straightforward simpliﬁcations and up to the O( η2), the noncommutative Einstein
equations lead to the following independent diﬀerential equations:

˙ a1 − ˙ b1

e
a0 +˙ a0σ − ˙ σ = 0 (55)
2
··
a1 +¨ b1 +2˙ a0˙ a1 +˙ a0˙ b1 − σe
−2a0 
2α
  
0 + α
 2
0

− e
−a0α
 
0σ
  = −8πκ

 ρ1 +3 P1

(56)
−
2
r
β
 
1 −

¨ b1 +2˙ a0˙ b1 +˙ a0˙ a1

e
a0 − 2σ
··
a0 − ˙ a0˙ σ = −8πκ

 ρ1 −  P1

e
a0 (57)
and
−
1
r
β
 
1 −
2
r2β1 +
2
r2

a1 − b1 + σe
−a0	
+
1
r
e
−a0σ
  − σ

··
a1 +˙ a
2
0

−
1
2
˙ a0 ˙ σ (58)
−(
··
a1 +
5
2
˙ a0˙ a1 +
1
2
˙ a0˙ b1)e
a0 = −8πκ

 ρ1 −  P1

e
a0
where a0 satisﬁes the commutative classical equations[33] − [34] :
2
··
a0 +
·
a
2
0 = −
16πκ
3

 ρ0 +3 P0

(59)
·
a
2
0 =
32πκ
3
 ρ0 − 4ke
−a0 (60)
 ρ0 and  P0are the shifted classical matter density and pression respectively. Notice that
the non linear coupled diﬀerential equations (55)-(58) are very complicated to be solved.202 Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210
Thus, in order to make some simpliﬁcations and keep our calculations clear and transpar-
ent (since we are interested just in a qualitative study of the noncommutativity eﬀect) we
consider only the case where the integration constant k = 0 ( present in the spatial part
of the classical FLRW metric) and take β0 = α1 = σ  =0 .Therefore, the noncommutative
Einstein equations of eqs.(55)-(58) take the form:

˙ a1 − ˙ b1

e
a0 +˙ a0σ − ˙ σ = 0 (61)
2
··
a1 +¨ b1 +2˙ a0˙ a1 +˙ a0˙ b1 = −8πκ

 ρ1 +3 P1

(62)
−
2
r
β
 
1 −

¨ b1 +2˙ a0˙ b1 +˙ a0˙ a1

e
a0 −

2σ
··
a0 +˙ a0
·
σ

= −8πκ

 ρ1 −  P1

e
a0 (63)
and
−
1
r
β
 
1 −
2
r2β1 +
2
r2

a1 − b1 + σe
−a0
−


··
a1 +
5
2
˙ a0˙ a1 +
1
2
˙ a0˙ b1

e
a0
−
1
2

2
··
a0 +2˙ a
2
0

σ +˙ a0˙ σ

= −8πκ

 ρ1 −  P1

e
a0 (64)
After direct simpliﬁcations we obtain:
σ (t)=Aexpa0 (65)
and therefore, eq.(61) leads to:
b1 (t)=a1 (t) (66)
The β1 function satisﬁes the following diﬀerential equations:
−
2
r
β
 
1 = k1 (67)
and
−
1
r
β
 
1 −
2
r2β1 +
2c
r2 = k2 (68)
Eqs. (67) and (68) lead to:
β1 = −
1
4
k1r
2 + D (69)
and
k1 = k2,c = 1 (70)
where k1, k2,cand D are integration constants. Thus eqs.(62)-(64) can be rewritten as:Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210 203
3
··
a1 +3˙ a0˙ a1 = −8πκ

 ρ1 +3 P1

(71)
k1 +

··
a1 +3˙ a0˙ a1

e
a0 + A

2¨ a0 +˙ a
2
0
	
e
a0 =8 πκ

 ρ1 −  P1

e
a0 (72)
and
k2 +

··
a1 +3˙ a0˙ a1

e
a0 + A

··
a0 +
3
2
˙ a
2
0

e
a0 =8 πκ

 ρ1 −  P1

e
a0 (73)
Notice that from the last two eqs.(72) and (73), we deduce that
··
a0 −
1
2
˙ a
2
0 = 0 (74)
Since the classical Hubble parameter H0 (t) is deﬁned as:
H0 (t)=
1
2
˙ a0 (75)
it is easy to show that:
˙ H0 − H
2
0 = 0 (76)
and consequently
H
2
0 = Be
a0 (77)
(B is a positive integration constant). Moreover the solution of eq.(77) gives:
H0 (t)=−
1
t + c
(78)
and therefore,
R0 (t)=−BH0 =+
B
t + c
∼
1
t
(79)
Now, from eqs.(61) and(62) one can show easily that:
·
a
2
0 = −
8πκ
3

 ρ0 +3 P0

=
32πκ
3
 ρ0 (80)
implying that :
5 ρ0 +3 P0 = 0 (81)
or equivalently:
5ρ0 +3 P0 = −
2Λ0
8πκ
(82)
Notice that the result in eq.(82) does not seem that it is a consequence of the space204 Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210
deformation. The left or right hand sides do not disappear when the noncommutativity
parameter vanishes. In fact, the situation is similar to the one loop calculation of the
beta function in a noncommutative QED where the contribution coming from the non
planar Feynman diagrams give a result which does not depend on the noncommutativity
parameter [49]. Thus, one has to be carefull in the sense that when the noncommutativity
parameter vanishes we do not have at all eq. (82). Now, it is easy to show that the
function  ρ0 (t)g e t st h ef o r m :
 ρ0 (t)=
3
8πκ

1
t + c
2
(83)
The result in eq. (82) is very interesting. It shows a kind of uniﬁcation between dark en-
ergy and dark matter imposed by the noncommutativity of the geometry and manifested
by a relation between the cosmological constant Λ0 pression P0 and matter density ρ0
respectively. Notice also that if Λ0 ≥ 0 (Friedman or De Sitter like space), we are dealing
with a ﬂuid which satisﬁes the constraint:
P0 ≤−
5
3
ρ0 (84)
It is worth to mention that, the pressure P0 is not subject to the same constraint since it
can be related to the density ρ0 by an adiabatic index γ through the state equation:
P0 = γρ0
or another type of dark energy, the so-called Chaplygin gas which obeys an equation of
state like[50] − [51]
P0 = Aρ0 − B/ρ0,(A,B > 0) (85)
In our case γ ≤−
5
3and since the matter energy density is deﬁned semi-positive, we will
get a negative pression and violate the so called strong energy condition. This, will allow
for an expanding universe with an accelerating rate. However, if Λ0 < 0 (anti De Sitter
like space), γ has to be greater than −
5
3 , if the pressure is negative. It is worth to mention
that recent observations of the luminosity of type Ia Supernovae indicate[52]− [53] an
accelerated expansion of the Universe and lead to the search for a new type of matter
which violates the strong energy condition i.e., P0 < 0.The matter content responsible for
such a condition to be satisﬁed at a certain stage of evolution of the universe is referred
to as a dark energy. Now, the NCG ﬁeld eqs.(71),(72) and (73) can be rewritten as:
6 ˙ H1 +1 2 H0H1 = −8πκ

 ρ1 +3 P1

(86)
and
2 ˙ H1 +1 2 H0H1 +8 AH
2
0 + k1H
−2
0 =8 πκ

 ρ1 −  P1

(87)
(k1 = Bk1). To look for a solution, we consider also for the non commutative corrections,
an equation of state of the form  P1 =   ρ1.Then, eqs.(86) and(87) lead to:Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210 205
4 ˙ H1 −
12
t
(1 +  )H1 +
4A
t2 (1 + 3 )+
1
2
k1 (1 + 3 )t
2 = 0 (88)
where the general solution has the following form:
H1 (t)=
1
2
˙ a1 = B1t
3(1+ ) + A
(1 + 3 )
(4 + 3 )
t
−1 +
1
8
k1
(1 + 3 )
3 
t
3 (89)
impling that:
1
2
a1 (t)=
B1
4+3  
t
4+3  + A
(1 + 3 )
(4 + 3 )
lnt +
1
32
k1
(1 + 3 )
3 
t
4 + B2 (90)
and consequently, the noncommutative universe radius R(t) takes the form:
R(t)=
B
t
expη
2

B1
4+3  
t
4+3  + A
(1 + 3 )
(4 + 3 )
lnt +
1
32
k1
(1 + 3 )
3 
t
4 + B2

(91)
It is worth to mention that the diﬀerence between the conventional Friedman equation
and its LTB generalization, is that all the quantities in the LTB case depend in addition
to the time t,o nt h er coordinate. Thus in the presence of inhomogeneities, the values of
the Hubble rate and the matter density can vary at every spatial point. As a consequence,
the inhomogeneities are of two physically diﬀerent kinds: inhomogeneities in the matter
distribution, and inhomogeneities in the expansion rate. In our case, we have considered
only the latter case.
3. Results and Conclusions
Throughout this work, we conclude that the noncommutative cosmological dynamics dif-
fers from the classical one and the noncommutativity of the geometry plays an important
role in the origin and evolution of our universe. Despite the smallness of the noncommuta-
tivity parameter, the resulted eﬀects at high energies are very important. Various models
are obtained depending on the free integration parameters of the noncommutative LTB
equations. In fact and independently of the various parameters, the Non commutative
universe radius R(t) tends to inﬁnity when t → 0. In fact
R(t)
t→0
≈
B
t
exp

η
2A
(1 + 3 )
(4 + 3 )
lnt

t→0 → +∞ (92)
For t → +∞, R(t) behaves as
R(t)
t→+∞
≈
B
t
exp

η
2 B1
4+3  
t
4+3 

(93)
Thus, the evolution of the universe depends on the sign of the parameter B1.
• B1 < 0 : In this case, the universe starts by a ” Big Crunch ” at the initial time
t = 0 until a total collapse at an inﬁnite time. This situations is illustrated in fig206 Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210
(1),f i g(2) and fig (3), w h e r ew eh a v es e tη2 =1 0 −2,B 1 = −1,B 2 = k1 =0 ,
with   =0 ,0, 1
3 and A =+ 1 ,−1,−1 respectively. Notice that this model does not
correspond to our actual universe but a stellar gaz in a collapsing phase.
Fig. 1
Fig. 2
• B1 ≥ 0 : In this case, the universe starts with a ” Big Crunch ” at the initial
time t = 0 where the universe radius R(t) decreases until a minimal value R(t1),
followed by an expansion ” Big Bang ” till inﬁnity. This evolution is illustrated in
fig (4) where we have set η2 =1 0 −2, =0 ,B 1 =+ 1 ,A=+ 1 ,B 2 = k1 =0 , and
in fig (5) where we have taken η2 =1 0 −2, = 1
3,B 1 =+ 1 ,A=+ 1 ,B 2 = k1 =0 .
The dynamics and the origin of the universe in this model is similar to that of the
cyclic model of Turok where the universe starts with a ” Big Crunch ” followed by a ”
Big Bang ” in inﬁnite cyclic sequences. Notice that in our model, the universe expansionElectronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210 207
Fig. 3
Fig. 4
Fig. 5208 Electronic Journal of Theoretical Physics 6, No. 20 (2009) 193–210
continue until inﬁnity and is determined by the noncommutativity of the space geometry.
The latter is supposed related to the space-time properties at short distances and for large
distances the classical solution R0 (t)=B
t determine the dynamics and evolution of the
universe. Thus after a certain time of expansion, the universe returns back to its initial
state where the noncommutativity of the space geometry does not contribute. Therefore,
the universe undegoes a collapse ” Big Crunch ” until distances where the space geometry
noncommutativity becomes eﬃcient to avoid the collapse and the universe bounce into
a ” Big Bang ” and the cycle start over. In this model, we assume that at the origin
(initial time), the universe empty from matter and the collapse is due to vacuum energy
(cosmological constant or dark energy), the creation of matter and all the properties of
the universe are due to the period before the ” Big Bang ” and not after. Thus, the
dynamics and consequences of this model are the same as that of the Turok cyclic model
but the origin and mechanisms of the cycles are diﬀerent. In our case, it is the non
commutativity which is responsible of the universe rebound and not the presence of the
extra dimensions as it is the case of Turok model.
The most important thing to be mentioned here is that in this model we can give a
possible explanation of the asymmetry and separation between matter and antimatter.
In fact, in this model the universe starts with a collapse ” Big Crunch ” but the evolution
depends on the sign of the parameter B1. For B1 < 0 the collapse continues until R(t)=0
at t → +∞. However, for B1 ≥ 0 the collapse will be prevented by the repulsive forces
d u et ot h en o n c o m m u t a t i v i t yo ft h es p a c eg e o m e t r ya n dt h eu n i v e r s er e b o u n c et oa”B i g
Bang ”. If we assume that the constant B1 is related to the matter baryonic charge with
B1 > 0 for baryons and B1 < 0 for anti-baryons, then before the matter and anti-matter
creation, the universe was in a collapsing state under the gravitational action (the eﬀects
of the noncommutativity of the space geometry are negligible at large distances) until the
temperature becomes fairly enough for the matter-anti-matter creation process. At this
scale, the noncommutativity eﬀects become important and as B1 < 0 for anti-matter and
B1 > 0 for matter, the former continues its collapsing however the latter rebounce under
the action of the gravitational forces due to the noncommutativity of the space geometry.
This mechanism gives a plausible explanation of the matter-antimatter asymmetry.
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